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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think of binary representations

T in [0, 1], like

0.010100010. ..
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

N _Il Think of binary representations
in [0,1], like
0.010100010. ..

{0,1}¥ — [0, 1]
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

N _Il Think of binary representations
in [0,1], like
0.010100010. ..

{0,1}* — [0, 1]

o0
X1 X2 X3 ... — g x; 27!
i=0
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think: receiving one bit at a

m time.
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think: receiving one bit at a
m .
time.
Each bit restricts the set of
possibilities.
0
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think: receiving one bit at a
time.
Each bit restricts the set of
possibilities.

m

@ With 0 bits, x could be
anything in [0, 1].
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think: receiving one bit at a
i m .
time.

Each bit restricts the set of
possibilities.
e With 0 bits, x could be
anything in [0, 1].
@ When we see “0.0", the
options are reduced.

N[ =
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

1 Think: receiving one bit at a
i m m time

Each bit restricts the set of
possibilities.
e With 0 bits, x could be
anything in [0, 1].
@ When we see “0.0", the
options are reduced.

N[
N|—

@ “0.01" reduces them
further.

INT
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

The standard binary representation of [0, 1].

r 'Il m m 5
X =X1X2X3 ...
sggslxgsggsgg...
1 1
581 2 2
0l1...
52
5{)1 1
4
L JO L JO Ll
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The standard binary representation of [0, 1].

m m m 5
X=X1X2X3 ...
5{{25{(2%‘253‘2...
co1 % % Some features:
0 o () S¥ is a singleton.
Sgl
Si(l)l 1
7
L JO L JO Ll
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The standard binary representation of [0, 1].

m m m 5
X=X1X2X3 ...
5{{25{25?25;2...
oL % % Some features:
0 so1 o () S¥ is a singleton.
o1 2 @ For each x, there is a
S % sequence X such that
NS ={x}.
L JO L JO Ll
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Digit sets

Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The standard binary representation of [0, 1].

m

01...
50

m

N[ =

01...
S1

m

N

01...
52

=

Hughes, Niqui

)?:X1X2X3...
X X X X
So 25125 285 2...

Some features:
o () S¥ is a singleton.

@ For each x, there is a
sequence X such that
NS7 = {x}.

Each sequence represents some
x and each x is represented.
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

How to construct the sets S¥

I"I1 m m
X
X) = —
Po(x) >

1 1

581... 2 2

Sgl

S:?l 1

1

I..IO I.J0 Ll
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

How to construct the sets S¥

I 'Il m m
X
po(x) = 2
x+1
$1(x) = —
1 1
581 2 2
Sgl
S:?l 1
4
Ll .IO L JO Ll
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Binary representation
Mabius maps and digit sets
The Stern-Brocot representation

Digit sets

How to construct the sets S¥

m! m m
X
¢0(X) = 2
x+1
p1(x) = 5
o 1 1
SO 2 2
SOL... So- =10,1]
i SP1 = 6o([0,1])
5{)1... . 1 — YoM
2 S = pg 0 $1([0,1])
) o L
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.. Binary representation
Digit sets Mabius maps and digit sets

The Stern-Brocot representation

How to construct the sets S¥

m m m
do(x) = 3
+1
61(x) =
- 1 1
GOL... St =10,1]
2
(uke . S{)l... = (Z)O([O’ 1])
1
1 Sgl = (Z)O 0] ¢1([0, 1])
| P P 57 = 0.0 60,1
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.. Binary representation
Digit sets Mabius maps and digit sets

The Stern-Brocot representation

How to construct the sets S¥

m m m
do(x) = 5
+1
910 = =
01 : i
SO > 5
GOL... St =10,1]
2
SoL... . SP = ([0, 1])
1
4 S3t = ¢o 0 $1([0,1])
I..Io LJO Ll Sf:qbXO O"'Oﬁbx,-([o’ 1])

m 5,)? = {O.X()Xl }

ieEN
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

1, 400, what's the difference?

+
8

Work with [0, +o0] or [0, 1]7?

m m
-4 -.%
-+ -.%
-1 -.%
41 41

2 3
41 41

4 5
Ll LLl
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

1, 400, what's the difference?

i ?
M ml Work with [0, +o0] or [0, 1]7
The choice is arbitrary.

4
it /] - s
. ) - %
-1 - %
-4 1 41
2 3
41 41
4 5
L .IO L JO
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

1, 400, what's the difference?

i ?
M ml Work with [0, +o0] or [0, 1]7
The choice is arbitrary.
4
4 5 Squint and you can't tell the difference.

. ) - %
-1 - %
4 1 -4 1
2 3
. 1 41
4 5
L .IO L JO
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Mobius maps

Recall go(x) = %, én(x) = 5L,
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Mobius maps

Recall go(x) =%,  ¢1(x) ==L,
Mobius map: a function

where a, b, c,d € R.
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Binary representation
Mabius maps and digit sets

Digit sets

The Stern-Brocot representation

Mobius maps

Recall go(x) =%,  o1(x) =
Mobius map: a function
ax+b
Alx) = ——
(x) cx +d

where a, b, c,d € R.
We are interested in Mobius maps that are

@ strictly increasing,
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Mobius maps

Recall go(x) =%,  o1(x) =
Mobius map: a function
ax+b
Alx) =
(x) cx +d

where a, b, c,d € R.
We are interested in Mobius maps that are

@ strictly increasing,
e refining (A : [0, +o0] — [0, +00]).
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Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Digit sets

Mobius maps are our digits.
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Digit sets

Mobius maps are our digits.
Let ® = {¢o,..., Pk} be a set of Mobius maps.
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Digit sets

S

Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Mobius maps are our digits.
Let ® = {¢o,..., Pk} be a set of Mobius maps.
A sequence X = ¢j, @i, @i, - .. represents x if

m ¢io © ¢i1 ©...0 le'n([O?JrOO]) - {X}
n=0

Sa
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Digit sets

_I

Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Mobius maps are our digits.
Let ® = {¢o,..., Pk} be a set of Mobius maps.
A sequence X = ¢j, ¢j, @i, - .. represents x if

ﬂ ¢i0 © ¢i1 ©...0 ¢in([0’ +OO]) = {X}
n=0

Sx

n
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Digit sets

T Mobius maps are our digits.
Let ® = {¢o,..., Pk} be a set of Mobius maps.
T A sequence X = ¢j, ¢j, @i, - .. represents x if
N I
(o]
5§|——| ﬂ¢io o¢,-1 O"'O¢in([0’+oo]):{x}'
n o e S
Lyl
Lyl
Ll
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Digit sets

T Mobius maps are our digits.

Let ® = {¢o,..., Pk} be a set of Mobius maps.
T A sequence X = ¢j, ¢j, @i, - .. represents x if
I i

o0
S¥rh () dip © Gi © - 0 $;,([0, +00]) = {x}.

ol =0 sy
Lyl

® is a digit set if each x is represented.
Lyl
Ll
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if
Q Loosely: N Sf is always a singleton.
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Binary representation
Mabius maps and digit sets

Digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if

(n 'I}O Q Loosely: ﬂSf is always a singleton.
' C

HH @ The sets ¢;([0, +o0]) cover [0, +oc].

o

N

Lyl
Pa

L

Hughes, Niqui Admissible Digit Sets



Binary representation
Mabius maps and digit sets

Digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if

(n 'I}O Q Loosely: ﬂSf is always a singleton.
' C
HH @ The sets ¢;([0, +00]) cover [0, +o0].
bb Theorem
[] Good digit sets are digit sets.
L
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Binary representation
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Digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if

(n 'I}O Q Loosely: ﬂSf is always a singleton.
' C
HH @ The sets ¢;([0, +00]) cover [0, +o0].
b Theorem
[ ] Good digit sets are digit sets.
Good digit sets yield a total representation,
ba ie. ¥ — [0, 4+o0] is
o total,
L
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if

(n 'I}O Q Loosely: ﬂSf is always a singleton.
' C
HH @ The sets ¢;([0, +00]) cover [0, +o0].
o Theorem
[ ] Good digit sets are digit sets.
Good digit sets yield a total representation,
. ie. ¥ — [0, 4+o0] is
@ total,
@ continuous,
L
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Binary representation

Digit sets M&bius maps and digit sets

The Stern-Brocot representation

Good digit sets

® is a good digit set if

(n 'I}O Q Loosely: ﬂSf is always a singleton.
' C
HH @ The sets ¢;([0, +00]) cover [0, +o0].
o Theorem
[ ] Good digit sets are digit sets.
Good digit sets yield a total representation,
. ie. ¥ — [0, 4+o0] is
@ total,
@ continuous,
L

@ surjective.

Hughes, Niqui Admissible Digit Sets



Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

1 2 3 3
3 o/ 3L 2N oI
N, AR DA %,
s e e e e e e
PR T L D S S S S AT S SN AR SR A 1
5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
o A A A A LA A

How to make the tree:

a c atc
If my parents are 5 and &, then | am brd-

Hughes, Niqui
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

v G
1 2 3 3 4 5 g/ \4
4 5 5 4 3 3 2 1
VA VA VAR VA VA VAR VAR VA
1 2 3 3 4 5 5 4 5 7 8 7 7 8 7 5
5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
\'/\:\ \/\ﬂ \/\= \/\= \/\: \/\; \/\ﬂ \/\= \v/\n \/\z \v/\=\ \; \v/\;\- \=\v \n \/\z
12 3 3 4 5 5 4 5 7 8 7 7 8 7 5 6 9 111011 13 12 9 9 12 13 11 10 11 9 6
6 9 11 10 11 13 12 9 9 12 13 111011 9 6 5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
0

The Stern-Brocot representation maps finite sequences of {L, R}
to rationals.

Hughes, Niqui
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The Stern-Brocot representation is a digit set

1 2 3
7N 7N 7N PN
1 2 3 3 4 5 5 4
4 5 5 4 3 3 2 1
VAR VARY VAR VAR VAR VAR VARY VARY
R U S R S A S R SR S A A T G
5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
DAY A A A A A A i A i A Al A i B iy A A A
12 3 3 45 5 4 5 7 8 7 7 8 7 5 6 9 11 1011 13 12 9 9 12 13 11 10 11 9 6
6 9 11 10 11 1312 9 9 12 13 111011 9 6 5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
0 1 V2 e
The Stern-Brocot representation maps finite sequences of {L, R}
to rationals.
Easy to show: infinite sequences yield Cauchy sequences of
rationals.
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Binary representation

Digit sets Mabius maps and digit sets

The Stern-Brocot representation

The Stern-Brocot representation is a digit set

1 2 3
7N 7N 7N 7 X
1 2 3 3 4 5 5 4
4 5 5 4 3 3 2 1
VAR VARY VAR VAR VAR VAR VARY VARY
1 2 3 3 4 5 5 4 5 7 8 7 7 8 7 5
5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
A A A A A A A A A AV A Y AT A A
12 3 3 45 5 4 5 7 8 7 7 8 7 5 6 9 11 1011 13 12 9 9 12 13 11 10 11 9 6
6 9 11 10 11 1312 9 9 12 13 111011 9 6 5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
0 1 V2 e
The Stern-Brocot representation maps finite sequences of {L, R}
to rationals.
Easy to show: infinite sequences yield Cauchy sequences of
rationals.

Careful with that metric!
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

1 2 3
3 » v 3 » v, 2 G v »
N, N, N, DAY
N A I A A N A A A
TR T L N S S S S SR S S 4
5 ,7 8 7 7 8 ,7 ,5 ,4 5 5 4 3
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

1 2 3
3 » v 3 » v, 2 G v »
N, N, N, DAY
N A I A A N A A A
TR T L N S S S S SR S S 4
5 ,7 8 7 7 8 ,7 ,5 ,4 5 5 4 3

A nested sequence of sets 5,??.

Hughes, Niqui
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

/2\ /T\
1 2 3 3
/3\ /SX /ZX /1\
1 2 3 3 4 5 5 4
1 5 5 1 3 3 2 1
VA A A A A A A A
1 2 3 3 4 5 5 4 5 7 8 7 7 8 7 5
5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
A A A A e A A A A A A A A A R A AL AR
12 3 3 45 5 457 8 7 78756 91101113129 91213111011 9 6
6 9 11 10 11 13 12 9 9 12 13 111011 9 6 5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1
0

A nested sequence of sets 5,-’?.

Each S¥ is bounded by
2 the parents of x1 xo ... Xx;.
LRR... € [z,1]

Hughes, Niqui
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Digit sets Binary representation

Mabius maps and digit sets
The Stern-Brocot representation

The Stern-Brocot representation is a digit set

v 2 » " T ¥
l/ \2 §/ \g
3. o3 2N NG
N, AW AW DA

N I A Y A A A YA A R

1 2 3 3 4 5 5 4 5 7 8 7 7 8 7 5

5 7 8 7 7 8 7 5 4 5 5 4 3 3 2 1

A A A A A A/ ARl A B vV R v D AV S Y S b
0 1 V2 e
$u(x) = — $r(x) = x + 1
X) = X) =
L x+1 R

{p1,Pr} is a good digit set.
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Admissibility The homographic algorithm

Outline

© Admissibility
@ Admissible digit sets
@ The homographic algorithm
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Admissible digit sets

Admissibility The homographic algorithm

®-Computability

Let ® be a good digit set.
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Admissible digit sets

Admissibility The homographic algorithm

®-Computability

Let ® be a good digit set.
f :[0,400] — [0,400] is ®-computable iff f has a continuous ®~
lifting.
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Admissible digit sets

Admissibility The homographic algorithm

®-Computability

Let ® be a good digit set.
f :]0,400] — [0,400] is ®-computable iff f has a continuous ®“
lifting.

.

[0, +00] — [0, +o0]

Good digit sets aren't very good.
x +— 2x isn't Stern-Brocot-computable.
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Admissible digit sets

Admissibility The homographic algorithm

Admissible representations

p: ®“ — [0, +00] is an admissible representation if it is

@ continuous,
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Admissible digit sets

Admissibility The homographic algorithm

Admissible representations

p: ®“ — [0, +00] is an admissible representation if it is
@ continuous,

@ surjective,
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Admissible digit sets

Admissibility The homographic algorithm

Admissible representations

p: ®“ — [0, +00] is an admissible representation if it is
@ continuous,
@ surjective,

@ maximal, i.e. for every continuous r:
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Admissible digit sets

Admissibility The homographic algorithm

Admissible representations

p: ®“ — [0, +00] is an admissible representation if it is
@ continuous,
@ surjective,

@ maximal, i.e. for every continuous r:

v Y — — — — =W
7 i i
e P P P

o - [07+OO] [07+OO] *f> [07 +OO]

If & — [0, +o0] is admissible, any continuous f is ®-computable.
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Admissible digit sets

Admissibility The homographic algorithm

Admissible digit sets

® is an admissible digit set (ADS) if
Q Loosely: ﬂSl’? is always a singleton.
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Admissible digit sets

Admissibility The homographic algorithm

Admissible digit sets

® is an admissible digit set (ADS) if
@ Loosely: ﬂSf is always a singleton.
@ The sets ¢;((0,+00)) cover (0, +00).
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Admissible digit sets

Admissibility The homographic algorithm

Admissible digit sets

bb

[

Pa

® is an admissible digit set (ADS) if
@ Loosely: ﬂSf is always a singleton.
@ The sets ¢;((0,+00)) cover (0, +00).

(2) replaces
@ The sets ¢;([0, +oc]) cover [0, +0o0].
for good digit sets.
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Admissible digit sets

Admissibility The homographic algorithm

Admissible digit sets

bb

VARN
\

Pa

[N D)
Not ADS!

® is an admissible digit set (ADS) if
@ Loosely: ﬂSf is always a singleton.
@ The sets ¢;((0,+00)) cover (0, +00).

(2) replaces
@ The sets ¢;([0, +oc]) cover [0, +0o0].
for good digit sets.
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Admissible digit sets

Admissibility The homographic algorithm

Admissible digit sets

bb

VARN
\

Pa

[N D)
Not ADS!

® is an admissible digit set (ADS) if
@ Loosely: ﬂSf is always a singleton.
@ The sets ¢;((0,+00)) cover (0, +00).

(2) replaces
@ The sets ¢;([0, +oc]) cover [0, +0o0].
for good digit sets.

Theorem
Admissible digit sets yield admissible
representations.
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Admissible digit sets

Admissibility The homographic algorithm

The Stern-Brocot representation is not ADS

S-B is a good digit set. ..

PR
¢L([07 +OO]) = [07 1]

(bR([Ov +OO]) = [17 +OO]

oL
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Admissible digit sets

Admissibility The homographic algorithm

The Stern-Brocot representation is not ADS

S-B is a good digit set. ..

T but not an admissible digit set.
PR
¢((0, +00)) = (0,1)
N ¢Rr((0, +00)) = (1, +00)
oL
\bild
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Admissible digit sets

Admissibility The homographic algorithm

The Stern-Brocot representation is not ADS

S-B is a good digit set. ..

T but not an admissible digit set.
PR
A ¢L((0,+00)) = (0,1)
‘ 0,400)) = (1,4
AW 8r((0,+0)) = (1, +0)
N ¥ Solution: Add ¢p(x) = 2xxj21.
oL
\bild
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Admissible digit sets

Admissibility The homographic algorithm

Why this subsection doesn’'t matter.

Let ® be an ADS.
Aim: Construct an algorithm H(A, —) computing Mdbius maps A.

Hughes, Niqui Admissible Digit Sets



Admissible digit sets

Admissibility The homographic algorithm

Why this subsection doesn’'t matter.

Let ® be an ADS.
Aim: Construct an algorithm H(A, —) computing Mdbius maps A.

But “ — [0, 400] is an admissible representation.
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Admissible digit sets

Admissibility The homographic algorithm

Why this subsection doesn’'t matter.

Let ® be an ADS.
Aim: Construct an algorithm H(A, —) computing Mdbius maps A.

But ®“ — [0, 400] is an admissible representation.

Any continuous f : [0, +o0] — [0, +o0] lifts to ¥,
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Admissible digit sets

Admissibility The homographic algorithm

Why this subsection does matter.

Let ® be an ADS.
Aim: Construct an algorithm H(A, —) computing Mdbius maps A.

But ®“ — [0, 400] is an admissible representation.

Any continuous f : [0, +00] — [0, 4+00] lifts to $«.

N

[0, +00] — [0, +0]

But formal verifications require explicit algorithms.
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Admissible digit sets

Admissibility The homographic algorithm

An algorithm for computing Mobius maps

Let M be the set of refining Mobius maps.
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Admissible digit sets

Admissibility The homographic algorithm

An algorithm for computing Mobius maps

Let M be the set of refining Mobius maps.
We explicitly defined H : M x ®“ — ®“ so that

H(A,—
Pw — — £ - ), > pw
o) g
[0, +o0] [0, +o0]
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Admissible digit sets

Admissibility The homographic algorithm

An algorithm for computing Mobius maps

Let M be the set of refining Mobius maps.
We explicitly defined H : M x ®“ — &% so that

ov- - = o
Pi ip
[0, +0¢] ——— [0, +oc]

H is the homographic algorithm.
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Admissible digit sets

Admissibility The homographic algorithm

The very (very) rough idea behind the algorithm

(but with pictures)

H is the homographic algorithm.

m
Least fixed point
¢ 2 construction that
2 @ outputs a digit
™ when possible or
A M
—>
Ll
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(but with pictures)

H is the homographic algorithm.

m
Least fixed point
¢ 2 construction that
~ @ outputs a digit
1 ™ when possible or

I_ L
oL L:}A A M

Hughes, Niqui Admissible Digit Sets



Admissible digit sets

Admissibility The homographic algorithm

The very (very) rough idea behind the algorithm

(but with pictures)

H is the homographic algorithm.
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Admissible digit sets

Admissibility The homographic algorithm

The very (very) rough idea behind the algorithm

(but with pictures)

H is the homographic algorithm.

m
A
Least fixed point
A’ ¢ 2 construction that
2 @ outputs a digit
1 ! = when possible or
@ absorbs more input
oL A/ L M when needed.
—>
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Admissible digit sets

Admissibility The homographic algorithm

The very (very) rough idea behind the algorithm

(but with pictures)

H is the homographic algorithm.

m
A
Least fixed point
A’ ¢ construction that
=~ @ outputs a digit
1 ! 2 when possible or
@ absorbs more input
o A” L M when needed.
—>
Ll
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Admissible digit sets

Admissibility The homographic algorithm

Er, so what did we do?

@ Aim: investigate representations via Mobius maps
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Admissibility The homographic algorithm

Er, so what did we do?

@ Aim: investigate representations via Mobius maps
e Found sufficient conditions for
o total representations
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Admissible digit sets

Admissibility The homographic algorithm

Er, so what did we do?

@ Aim: investigate representations via Mobius maps
e Found sufficient conditions for

e total representations
o total, admissible representations
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Admissible digit sets

Admissibility The homographic algorithm

Er, so what did we do?

@ Aim: investigate representations via Mobius maps
@ Found sufficient conditions for

e total representations

e total, admissible representations

@ modified Stern-Brocot to do formal arithmetic
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Admissible digit sets

Admissibility The homographic algorithm

Er, so what did we do?

@ Aim: investigate representations via Mobius maps
@ Found sufficient conditions for

e total representations

e total, admissible representations
@ modified Stern-Brocot to do formal arithmetic

@ explicitly computed homographic algorithm for ADS
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Appendix Additional material

Outline

© Appendix
@ Additional material
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Appendix Additional material

Mobius maps and matrices

ax+b
A
( cx+d
. . a b
Same thing: A matrix My = (c d)
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Appendix Additional material

Mobius maps and matrices

Same thing: A matrix My = (a b)
Let x,y € [0, 4+00).
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Mobius maps and matrices

Same thing: A matrix My = (a b)
Let x,y € [0, +00).
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Appendix Additional material

Mobius maps and matrices

Same thing: A matrix My = (a b)
Let x,y € [0, +00).

e )

Composition of Mobius maps is the same as multiplication of
matrices.
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Appendix Additional material

Translating ¢g, ¢1 to [0, +oc]

N[
[

I
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Appendix Additional material

Translating ¢g, ¢1 to [0, +oc]

m> m m

W[
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Appendix Additional material

Translating ¢g, ¢1 to [0, +oc]

“+00

m m m
po(x) = %
br(x) = X —2F 1
1 1
[0, 1] = ¢o([0, +o0])
1
! [57 1] = ¢o o ¢1([0, +00])
1 “ ”
I.JO |_J0 L 1 = .010100010...
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Appendix Additional material

Good digit sets have shrinking diameters.

me m>® m™
X
; Po(x) = >
x+1
p1(x) = 5
1 1 [0, +00] inherits a metric
from [0, 1].
1
3
|--|O LJO LJO

Hughes, Niqui Admissible Digit Sets



Appendix Additional material

Good digit sets have shrinking diameters.

m >

r

1>

r

_I+oo

W=

Hughes, Niqui

[0, +00] inherits a metric
from [0, 1].

We use this metric to measure
the “shrinking” of

b iy - - i, ([0, +00]).
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Appendix Additional material

Good digit sets have shrinking diameters.

M e 1 6(¢, n) measures the maximum
diameter for n-length sequences.
$1 H1
¢1 3 o
0)=1
b1 do (¢,0) )
{ ! 1 B(¢,1) = 5
1
b0 1 1 B(6,2) =
¢o 3 4
$o Po
L .IO B JO .IO
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Appendix Additional material

Good digit sets have shrinking diameters.

M e 1 6(¢, n) measures the maximum
diameter for n-length sequences.
$1 H1
¢1 3 o
0)=1
b1 do (¢,0) )
{ ! 1 B(¢,1) = 5
1
b0 1 1 B(6,2) =
%0 : Good: lim B(®,)) g
ood: lim ) =
b0 Po j—o0 /
L .IO B JO .IO
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Appendix Additional material

The rough idea behind the algorithm

When A(x) € ¢((0,400)) no matter what x is,
output the digit ¢;.
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The rough idea behind the algorithm

When A(x) € ¢((0,400)) no matter what x is,
output the digit ¢;.
Otherwise, absorb a digit from x to refine our calculation.
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The rough idea behind the algorithm

When A(x) € ¢((0,400)) no matter what x is,

output the digit ¢;.

Otherwise, absorb a digit from x to refine our calculation.
Define A C ¢; < A([0, +00]) C ¢;([0, +o<]).
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Appendix Additional material

The rough idea behind the algorithm

When A(x) € ¢((0,400)) no matter what x is,

output the digit ¢;.

Otherwise, absorb a digit from x to refine our calculation.
Define A T ¢; < A([0, +00]) € ¢;([0, +00]).

do H(dg' 0 A iy ...) if AC oo

¢1 H(pr o A dinbi,...) else if AC ¢y
H(A, ¢i ¢, ...) = :
ok H(p 0 A digi,...) else if AL ¢y
H(A o ¢i, di,dis .. .) otherwise.
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